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Abstract: We present a novel ten-dimensional description of ambitwistor strings. This
formulation is based on a set of supertwistor variables involving pure spinors and a set of
constraints previously introduced in the context of the D = 10 superparticle. We perform
a detailed quantum-mechanical analysis of the constraint algebra and using standard tech-
niques we construct a BRST operator. Physical vertex operators are explicitly constructed
and scattering amplitudes are shown to correctly describe D = 10 super-Yang-Mills in-
teractions. After extending the pure spinor twistor transform to include an additional
supersymmetry, our results are immediately generalized to Type IIB supergravity.
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1 Introduction
After the remarkable discovery of Cachazo, He, and Yuan (CHY) [1–3] of general com-
pact formulae for tree-level amplitudes as integrals over the space of punctured Riemann
spheres localized over the so-called scattering equations, it became an immediate issue how
to consider fermions or supersymmetry into the formalism. Shortly after these original
findings, ambitwistor strings [4, 5] were found to naturally give rise to the CHY formulae
and provided a natural framework to consider supersymmetric generalizations of the latter.
In this regard, compact amplitudes formulae with supersymmetry have been constructed
in four, six, and ten-eleven dimensions in [6–8] making use of twistor variables instead of
the standard superspace variables.
On another line of developments, a novel formulation of the ten-dimensional massless
superparticle in terms of twistor-like variables was introduced by the authors in a comple-
mentary work [9]. This formulation was found by looking for a physical realization of a
twistor-like construction in ten dimensions introduced by Berkovits in [10], in which a set
of “pure spinor twistor” variables
ZI = (λα, µα,Γm), Z¯I = (µ¯α,−λ¯α, Γ¯m), (1.1)
where m = 1, . . . , 10, α = 1, . . . , 16, fulfilling
(λγmλ) = 0, λµ = 0, (λγmnµ) + 4ΓmΓn = 0, (λγ)αΓ
m = 0 (1.2)
were used in an attempt to generalize standard four-dimensional twistor constructions [11–
15] to ten dimensions, with pure spinors taking the role of higher dimensional twistors,
which is a natural proposal as argued in [16–20].
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In this work we will present an ambitwistor worldsheet theory based on the previously
mentioned description of the superparticle [9]. The worldsheet theory completes the phys-
ical realization of [10] when interactions are considered, and there are resemblances with
the previously mentioned models [6–8]. For instance, both constructions use a twistorial
representation that makes supersymmetry manifest, and as we shall see, vertex operators
take similar forms. The ambitwistor string considered here is constructed by replacing time
derivatives by antiholomorphic derivatives ∂¯ and the worldline by a Riemann sphere, in
accordance with the ideas of [4] to construct ambitwistor worldsheet actions. As in the
superparticle, the worldsheet variables by definition will be required to satisfy (1.2), and
the system will be subjected to a set of constraints
B := (λ¯γmλ¯)Γ¯m − (λ¯γmλ¯)Γm, (1.3)
J := µ¯αλ
α − λ¯αµα + Γ¯mΓm + jc, (1.4)
M˜abc := (λγ[a)N bc] + 1
12
(q˜γabcq˜) (1.5)
apart from the corresponding Virasoro constraint T = 0. Here, jc is a quantum correction
to be determined, and a, b, c = 1, . . . , 5 are SU(5) indices. Notice that the constraints B
and J have both been considered previously in [10] and emerged naturally in the context
of the superparticle, but the importance of the constraint M˜abc -the super-Pauli-Lubanski
three-form- to properly describe the superparticle in the twistor framework was pointed out
in [9]. The worldsheet action so constructed would then lead to an interesting resolution
to a conjecture proposed by Berkovits in [10]; the worldsheet action, rather than related at
first sight to the standard superstring, would be related to an ambitwistor string theory.
We construct a heterotic version of the model just introduced by coupling the system
to a current algebra. Remarkably, the whole set of constraints (B, J, T,M˜abc) gives rise to
an anomaly-free worldsheet model when the current algebra central charge is 16, as in the
E8×E8 or SO(32) heterotic superstrings. Analogously, the Type IIB version also presents
a vanishing central charge.
In [9], the pure spinor twistor formulation of the D = 10 superparticle was found
through a field redefinition of a superparticle model developed by Berkovits in [21]. The
corresponding ambitwistor string constructed from [21] has been studied by Berkovits, Ma-
son, and one of the authors in [22], where it was shown that in light-cone gauge the model is
equivalent to the light-cone RNS ambitwistor string. Due to the close relation between the
latter model and the ambitwistor string constructed in this work from [9], we begin warming-
up by finding the BRST operator for [22] before constructing the worldsheet model with
pure spinor twistor variables. This provides a first step onto covariant quantization of the
ambitwistor string in [22].
In virtue of the constraints (1.2), the operator product expansions (OPEs) satisfied by
the pure spinor twistor worldsheet variables do not correspond to those of a free theory.
We thus need to resort to the tools of interacting two-dimensional conformal field theories
(2D CFTs) as outlined in [23, 24] to compute OPEs between different operators of interest.
Notice that the same set of tools have been used in [25, 26] in the context of the standard
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pure spinor formalism in order to reproduce the corresponding OPEs as originally found in
[27]. We set up an analogous construction for the model developed here, and we find the
corresponding expressions for the stress-energy tensor T , the Lorentz generator Nmn, and
the projective weight operator J , all of which develop corrections similarly as in [25, 26].
In particular, we find that J develops anomalies at quantum level.
A standard BRST operator [28] for the pure spinor twistor worldsheet model can be
constructed in analogy to the BRST operator for the superparticle found in [9]. As we
shall see, the anomalous behavior exhibited by the quantum projective weight operator J
implies that this BRST operator lacks nilpotency in the ambitwistor string case. Although
we present some insights on how this issue may be solved through a non-minimal formulation
of the current model, this will not represent a problem for our analysis since the correlation
function measure will be modded out by the symmetry group GL(1), so J will not appear
in the nilpotent BRST operator used to construct physical vertex operators. Even though
in this paper we will only concern ourselves with tree amplitudes, the nilpotent BRST
operator implies, in principle, a consistent treatment for scattering amplitudes beyond tree
level.
As in a standard superstring theory, we write scattering amplitudes as correlation func-
tions of vertex operators in pictures 0 and −1. The picture −1 vertex operators are obtained
from the corresponding superparticle wavefunction [9], first considered in the original work
[10], and we construct picture 0 vertex operators through a picture raising operation. In-
tegrated vertex operators share similar properties as those of other ambitwistor models
[4–8, 22], being localized in a set of delta functions that lead to momentum conservation
and that localize over the scattering equations ki ·P(zi) = 0 [1–3]. The vertex operators are
written in terms of integrals over “auxiliary quantities” a˙, ¯a˙ that are introduced by noticing
that the momentum Pm = (λγmλ¯) satisfies a “twistor-like constraint” (λγm)αPm = 0 [29]
and it is then left invariant under an SU(5) subgroup of the complexified ten-dimensional
Wick-rotated spacetime. We then associate an additional SU(5) index to λα, λ¯α and write,
λα = a˙λαa˙ , λ¯
α = ¯a˙λ¯
α a˙.
The amplitudes prescription is a standard proposal consisting of integrating over all
independent components of our fields and modding out by the killing vectors redundancies.
As usual, we have to mod out by SL(2,C) arising from reparametrization, but we will also
need to mod out by the GL(1) associated to (1.4) and the killing vectors associated to
(1.5). As we shall see, this prescription will turn out to be related to the corresponding
prescription found in the pure spinor ambitwistor model [5]: the measure is equivalent
to that of the standard pure spinor formalism 〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1, and
both unintegrated as well as integrated vertex operators can be related, on the support of
the incidence relations and the delta functions appearing in the vertex operators, to their
counterparts in the standard pure spinor formalism. We conclude from this observation
that our amplitudes prescription indeed gives the correct correlators.
This work is organized as follows: In section 2 we review the ambitwistor model arising
from Berkovits’ superparticle model [21] and write the covariant BRST operator left as an
open problem from [22]. Sections 3 and 4 contain the main results of this paper. In section 3
we construct the pure spinor twistor ambitwistor model from the superparticle formulation
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of [9], we construct the corresponding BRST operator, and write down vertex operators
in pictures −1 and 0. In section 4 we discuss the scattering amplitudes prescription along
with its relation to the standard pure spinor formalism. We conclude in section 5 with
discussions and some directions for further research. In appendix A we provide a quick
review to the tools used to compute OPEs in interacting 2D CFTs.
2 The Non-Pure Spinor Description of Ambitwistor Strings
In this section we consider an ambitwistor model first described in [22], where it was shown
that the model correctly reproduced the spectrum of the RNS ambitwistor string. However,
the analysis was performed in light-cone gauge and a covariant analysis was left as an open
problem owing to the reducibilities present in the constraints. Due to the relation between
this model and the one we will describe in section 3 (via a field redefinition explained in
[9]), we warm-up in this section constructing the BRST operator for the model described
in [22], which in principle provides the means for a covariant analysis.
We start defining Λα, Ωβ to be ten-dimensional Majorana-Weyl spinors of opposite
chirality, and ψm to be a ten-dimensional fermionic vector. We use letters from the begin-
ning/middle of the Greek/Latin alphabet to denote ten-dimensional spinor/vector indices.
The relation between these variables and the standard superspace variables is simply given
by:
Ωα = (γmΛ)αX
m + ψm(γmθ)α, ψ
m = (Λγmθ), (2.1)
where (γm)αβ , (γm)αβ are the ten-dimensional Pauli matrices satisfying the standard Dirac
algebra (γ(m)αγ(γn))γβ = ηmnδ
β
α as well as the special identity (γm)(αβ(γm)δ) = 0 valid in
ten dimensions.
The former variables were originally introduced in [21] in order to construct a model
of the ten-dimensional massless superparticle with only first-class constraints. The corre-
sponding heterotic ambitwistor string was later introduced in [22], with an action given
by
S =
∫
Σ
[1
2
Λ∂¯Ω− 1
2
Ω∂¯Λ− 1
2
ψm∂¯ψ
m + ξαG
α + κTF
]
+ SJ , (2.2)
where SJ stands for a current algebra and ξα and κ are Lagrange multipliers enforcing a
set of constraints with two levels of reducibility:
TF := (Λγ
mΛ)ψm, (2.3)
Gα := (ΛγmΛ)(γmΩ)
α − 2Λα(ΛΩ) + ψmψn(γmγnΛ)α = 0, (2.4)
Hm := (ΛγmG)− 2ψmTF = 0, (2.5)
(ΛγmΛ)Hm = 0. (2.6)
The stress-energy tensor for this worldsheet model is:
TB(z) =
1
2
Λα∂Ωα − 1
2
Ωα∂Λ
α − 1
2
ψm∂ψm + TJ , (2.7)
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where TJ is the stress-energy tensor associated to the current algebra.
The OPEs satisfied by the canonical variables are
⟪Λα(z)Ωβ(w)⟫ = δαβ(z − w) , ⟪ψm(z)ψn(w)⟫ = ηmn(z − w) , (2.8)
where we have introduced the notation ⟪⟫ to mean the singular terms in an OPE. Whenever
there is no room for confusion we will just refer to OPE to mean that we are interested in
the corresponding singular terms.
The OPEs/algebra satisfied by the constraints (TB, TF , Gα) are readily found to be
⟪Gα(z)TF (ω)⟫ = − 2(z − w)ΛαTF (w), (2.9)
⟪TB(z)Gα(w)⟫ = 32(z − w)2Gα(w) + 1(z − w)∂Gα(w), (2.10)
⟪TB(z)TF (w)⟫ = 32(z − w)2TF (w) + 1(z − w)∂TF (w), (2.11)⟪TF (z)TF (w)⟫ = 0, (2.12)
⟪TB(z)TB(w)⟫ = −112 + cJ2(z − w)4 + 2(z − w)2TB(w) + 1(z − w)∂TB(w), (2.13)
⟪Gα(z)Gβ(w)⟫ = − 4(z − w)Λ[αGβ](w) − 56(z − w)2 ΛαΛβ(w) − 36(z − w)∂ΛβΛα(w)
− 20
(z − w)∂Λ
αΛβ(w) +
16
(z − w)2 (γ
m)αβ(ΛγmΛ)(w) +
16
(z − w)(γm)
αβ(∂ΛγmΛ)(w). (2.14)
As already noticed in [22], the above construction is not limited to the heterotic case
and one can readily generalize to the Type IIB case.
The BRST Operator. Due to the reducibilities (2.5) and (2.6) the BRST operator
for the model (2.2) is non-trivial to find. In general, for worldline systems, when one is in
presence of a set of constraints Ga0 , a0 = 1, . . . ,m0, that have a set of reducibilities:
Z a0a1 Ga0 = 0, a1 = 1, . . . ,m1,
which may themselves be reducible:
Z
ak−1
ak Z
ak−2
ak−1 = C
ak−2a0
ak Ga0 , k = 1, . . . , L, ak = 1, . . . ,mk,
one introduces a ghost-for-ghost pair (ηak , ρak) with total ghost number (k + 1,−(k + 1))
for each level of reducibility, in addition to the standard ghosts (ηa0 , ρa0) associated to the
constraints Ga0 . A general prescription [28] to write down the BRST operator is given by:
Q = ηa0Ga0 + η
akZ
ak−1
ak ρak−1 + Q¯, (2.15)
where Q¯ stands for further terms in Q containing at least two η’s and one ρ or two ρ’s and
one η and that are constructed such that Q is nilpotent.
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It is straightforward to adapt the previous construction to the case of a 2D CFT.
We introduce, apart from the standard reparametrization ghosts (c, b) and the ghosts
(gα, f
α), (γ, β) associated to the constraints Gα and TF respectively, a pair of (bosonic)
ghosts-for-ghosts (sm, tm) and (fermionic) ghosts-for-ghosts (η, ρ). One then finds the BRST
current to be:
q(z) =
(
cT + bc∂c+ qsp
)
(z)
, (2.16)
where
qsp(z) =
(
gαG
α + γTF + sm(Λγ
mf) + sm(2ψ
mβ) + η(ΛγmΛ)t
m
+ 2(Λαgα)(gβf
β)− 2(Λαgα)(γβ)− 2
[
Λα(γn)αβ(γ
m)βγgγ
]
smt
n
+ 4(Λαgα)ηρ+ 2η
nmsnsmρ− ηβ2 − 16Λα∂gα
)
(z)
. (2.17)
We have separated the contributions associated to the Virasoro constraint to those associ-
ated to the superparticle terms in [9]. Single contraction contributions in the qsp(z)qsp(w)
OPE vanish in a tantamount computation to that of the superparticle, although new con-
tributions may arise due to the expansion of double-pole terms. The latter contributions
are all handled by the last term in (2.17) which does not appear in the superparticle case.
This corresponds to a normal ordering term that has been fixed in order to avoid such
double-pole spurious terms in the qsp(z)qsp(w) OPE. Of course, we also need to consider the
presence of the Virasoro constraint in the full BRST current:
T = TB + Tgh, (2.18)
where Tgh corresponds to the stress energy tensor of all ghost fields others than the (b, c) sys-
tem. This is straightforward to accommodate with the superparticle contributions recalling
that the BRST current has conformal weight one.
3 The Pure Spinor Twistor Ambitwistor String
In this section we construct an ambitwistor worldsheet model based on the description
of the D = 10 massless superparticle developed in [9]. We start defining the model and
considering the OPEs for many quantities of interest in analogy with the standard pure
spinor formalism [25–27]. We give special emphasis to the fact that the OPEs satisfied
by our variables do not correspond to those of a free theory. Then, we construct a BRST
operator and find that its nilpotency property depends on the quantum behavior of the
projective weight operator. As we argue, an effective BRST operator can be constructed
and BRST-closed vertex operators are discussed.
3.1 The Worldsheet Model
The variables from which the worldsheet model is going to be defined are given by
ZI = (λα, µα, Γm), Z¯I = (µ¯α, −λ¯α, Γ¯m), (3.1)
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where λα is a pure spinor, λ¯α is a 16-component spinor, and Γm is a fermionic vector. Z¯I
will correspond to the canonical conjugates to the variables defining ZI . By definition the
variables are required to solve:
Sm := λγmλ = 0, (3.2)
D := λµ = 0, (3.3)
Φmn := (λγmnµ) + 4ΓmΓn = 0, (3.4)
Eα := (λγ
m)αΓm = 0, (3.5)
and are related to the standard superspace variables through the “incidence relations”:
µα = (γmλ)αX
m + Γm(γmθ), Γ
m = (λγmθ). (3.6)
In virtue of (3.2)-(3.5), physical quantities must be invariant under the gauge transforma-
tions:
δµ¯α = µαd+ (γ
mnµ)αφmn + (γ
m)αΓm + (γ
mλ)αsm, (3.7)
δλ¯α = −λαd− (λγmn)αφmn, (3.8)
δΓ¯m = −8φmnΓn + (λγm), (3.9)
where sm, d, φmn, α are gauge parameters associated to (3.2)-(3.5) respectively.
The OPEs satisfied by these variables are non-trivial considering the relations (3.2)-
(3.5) which effectively render the theory interacting. The OPEs that we have to consider
are given by:
⟪µ¯α(z)λβ(w)⟫ = −1(z − w)(δβα −K βα )(w) , (3.10)
⟪λ¯β(z)µα(w)⟫ = 1(z − w)K βα(w) , (3.11)
⟪µ¯α(z)µβ(w)⟫ = 1(z − w)(Yαµβ + Yβµα − 12γmαβ(Y γmµ))(w) , (3.12)
⟪µ¯α(z)Γm(w)⟫ = 12(z − w)((γpγmY )αΓp)(w) , (3.13)
⟪Γ¯n(z)Γm(w)⟫ = 12(z − w)(λγmγnY )(w) , (3.14)
⟪Γ¯m(z)µα(w)⟫ = −1(z − w)((γpγmY )αΓp)(w), (3.15)
where we have defined the projector
K βα =
1
2
(λγs)α(γ
sY )β, (3.16)
with
Yα =
να
(λν)
, (3.17)
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and να a fixed pure spinor so that Y γmY = 0.
These OPEs can be found by requiring that the OPE between any single conjugate
variable λ¯α, µ¯α, or Γ¯m has a vanishing OPE with the corresponding constraints (3.2)-
(3.5). Notice that this construction is similar in fashion to that of the standard pure spinor
formalism as formulated in [25, 26]. In order to deal with the OPEs (3.10)-(3.15) we have to
be careful with the fact that the coefficients are non-constant and thus we have to resort to
the tools outlined in appendix A to proceed. In particular, we have to be careful with the
ordering of the different operators when constructing the theory. As explained in appendix
A, we define the normal-ordered product
(AB)(w) =
∮
w
dx
(x− w)A(x)B(w), (3.18)
which let us consistently separate the finite terms from the divergent ones as z → w in
A(z)B(w) = ⟪A(z)B(w)⟫+ (AzB(w)).
The ambitwistor worldsheet model that we are going to consider here is based on a
model of the D = 10 massless superparticle developed by the authors in a complementary
paper [9]. The pure spinor twistor heterotic ambitwistor string action is defined as:
S =
∫
d2z
(
Z¯I ∂¯ZI + ζJ + χB + ΥabcM˜abc
)
+ SJ , (3.19)
where SJ stands for the current algebra action, and ζ, ξ, and Υabc are Lagrange multipliers
enforcing the (classical) constraints:
J0 = µ¯αλ
α − λ¯αµα + Γ¯mΓm, (3.20)
B = (λγmλ¯)Γ¯m − (λ¯γmλ¯)Γm, (3.21)
M˜abc = (λγ[aλ¯)N bc] + 1
12
(q˜γabcq˜), (3.22)
where a, b, c are SU(5) fundamental indices. Nmn and q˜α are the super-Lorentz generators
given by
Nmn0 = −
1
2
(µ¯γmnλ) +
1
2
(λ¯γmnµ)− 2(Γ¯[mΓn]), (3.23)
q˜α = (γ
mλ¯)αΓm − 1
2
(γmλ)αΓ¯m. (3.24)
We have written a subindex 0 whenever we have taken a quantity without considering
correction terms due to quantum-mechanical effects.
In order to consider the corresponding corrections to the operators, we need to be
careful with the corresponding ordering of the operators according to (3.18) and ask for
the correct OPEs to be fulfilled. For instance, when one considers the corrected Lorentz
generator Nmn:
Nmn = −1
2
(µ¯γmnλ) +
1
2
(λ¯γmnµ)− 2(Γ¯[mΓn])− ∂(Y γmnλ), (3.25)
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where the parenthesis stand as well for the normal ordering (3.18), one finds that the
singular terms in the Nmn(z) N
pq
(w) OPE are given by:
⟪Nmn(z) Npq(w)⟫ = −3(ηmqηnp − ηmpηnq)(z − w)2 + Nmpηnq −Nnpηmq +Nnqηmp −Nmqηnp(z − w) , (3.26)
which means that Nmn generates a level k = −3 current algebra. The total derivative
is responsible of cancelling out all spurious terms that would make the current Nmn not
satisfy a Kac-Moody algebra.
We can perform a similar analysis for the projective weight operator J and the stress
energy tensor T . Considering correction terms and using the OPEs (3.10)-(3.15) we find
that:
J = µ¯αλ
α − µαλ¯α + Γ¯mΓm − 4(Yα∂λα), (3.27)
T = −µ¯α∂λα + λ¯α∂µα − Γ¯m∂Γm + 2∂(Yα∂λα), (3.28)
with the full set of non-trivial OPEs given by:
⟪T(z)T(w)⟫ = 22 + cJ2(z − w)4 + 2T(w)(z − w)2 + ∂T(w)(z − w) , (3.29)
⟪J(z)J(w)⟫ = − 3(z − w)2 , (3.30)
⟪T(z)J(w)⟫ = − 7(z − w)3 + J(w)(z − w)2 + ∂J(w)(z − w) , (3.31)
⟪T(z)Nmn(w)⟫ = Nmn(w)(z − w)2 + ∂Nmn(w)(z − w) . (3.32)
In particular, the Lorentz generator Nmn behaves properly as a primary field, J has a
regular OPE with Nmn, and J exhibits a conformal anomaly of −7.
The components of the constraint M˜abc in (3.22) are not all independent. Indeed, care-
ful inspection of M˜abc leads us to the conclusion that it satisfies the following reducibility
relations:
Habcd := P [aM˜bcd] = − 1
24
abcdeq˜eλ
+B, (3.33)
Habcde := P [aHbcde] = 0. (3.34)
As done for J , Nmn, and T , one can also compute the quantum corrections for M˜abc by
requiring that it behaves as a 3-rank tensor under Lorentz transformations. However, since
this will not be relevant for our study and it is always possible to choose a frame where the
quantum correction vanishes, we will ignore this ambiguity.
The central charge can be calculated for the whole system in the usual way. Using that
(J , B, M˜abc) are conformal weight (1, 2, 2) operators, together with eqns. (3.33), (3.34),
one obtains:
chet. = 22 + 10− 10− 26− 2 + 26− 10× 26 + 5× 74− 1× 146 + cJ . (3.35)
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As in the SO(32) or E8 × E8 heterotic strings, one finds that the total central charge
vanishes when cJ = 16.
It is straightforward to generalize the above construction for the Type IIB case. The
action is given by
S =
∫
d2z
(
¯ˆZI ∂¯ZˆI + ζJ + χB + χˆBˆ + ΥabcM˜abc
)
, (3.36)
where the supertwistor variables ZˆI = (λα, µα,Γm, Γˆm), ¯ˆZI = (µ¯α,−λ¯α, Γ¯m, ¯ˆΓm) are de-
fined to satisfy the analogs of (3.2)-(3.5):
λγmλ = 0, λµ = 0, (λγmnµ) + 4ΓmΓn = 0, (3.37)
(λγm)αΓm = 0, (λγ
m)αΓˆm = 0. (3.38)
The constraints Bˆ, M˜abc are defined by
B˜ = (λγmλ¯)¯˜Γm − (λ¯γmλ¯)Γ˜m, (3.39)
M˜abc = (λγ[aλ¯)N bc] − 1
12
(q˜γabcq˜)− 1
12
(ˆ˜qγabc ˆ˜q), (3.40)
where ˆ˜qα, q˜α, Nmn are the type IIB super-Lorentz generators. As before, one can show that
the constraint M˜abc satisfies reducibility relations similar to those in eqns. (3.33), (3.34).
The total central charge is then easily shown to vanish:
cIIB = 22 + 10− 10− 10− 26− 2 + 26 + 26− 10× 26 + 5× 74− 1× 146 = 0. (3.41)
3.2 The BRST Operator
A standard BRST operator for the pure spinor twistor description of the heterotic am-
bitwistor string, analogous to that of the superparticle [9], can readily be constructed using
the constraint algebra formed by (J,B, T,M˜abc) [28]. Using eqns. (3.10)-(3.15), one finds
that the only non-regular OPEs for this set of constraints are given by
⟪T(z)J(w)⟫ = − 7(z − w)3 + J(w)(z − w)2 + ∂J(w)(z − w) , (3.42)
⟪T(z)B(w)⟫ = 2B(w)(z − w)2 + ∂B(w)(z − w) , (3.43)
⟪T(z)M˜abc(w)⟫ = 2M˜abc(w)(z − w)2 + ∂M˜abc(w)(z − w) , (3.44)
⟪J(z)B(w)⟫ = B(w)(z − w) . (3.45)
One then introduces pairs of conjugate ghost variables for each generation of reducibility.
The zeroth generation given by the constraints J , B, T , M˜abc thus requires the introduction
of the ghosts (σ, σ˜), (β, γ), (b, c), (fabc, f˜abc), respectively. The reducibility relations (3.33),
(3.34) in turn imply the presence of the ghosts-for-ghosts (sabcd, s˜abcd), (tabcde, t˜abcde). Then,
the BRST operator reads
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Q = cTfull + σJ + γB + fabcM˜abc + σγβ + sabcd
[
f˜abcP d +
1
4!
abcdeq˜eλ
+β
]
+tabcdeP
as˜bcde +
1
5!
(λ+)2abcdetabcdeβ
2, (3.46)
where Tfull means the full stress-energy tensor
Tfull = T +
1
2
Tbc + Tβγ + Tσσ˜ + Tf3f˜3 + Ts4s˜4 + Tt5 t˜5 , (3.47)
with
Tbc = −∂bc− 2b∂c, Tβγ = −∂βγ − 2β∂γ,
Tσσ˜ = −σ˜∂σ, Tf3f˜3 = −∂fabcfabc − 2f˜abc∂fabc,
Ts4s˜4 = −2∂s˜abcdsabcd − 3s˜abcd∂sabcd, Tt5 t˜5 = −3∂t˜abcdetabcde − 4t˜abcde∂tabcde. (3.48)
The BRST operator thus constructed is nilpotent up to terms proportional to σ∂σ and
σ∂2c. These terms arise from contributions involving double contractions with σγβ in
(3.46) as well as similar contributions related to the anomalous behaviour of J , displayed in
eqns. (3.30), (3.31). However, these anomalous coefficients can be shifted after introducing
an appropriate topological sector by making use of the quartet argument. Notice that a
similar phenomenon occurs in ordinary pure spinor superstrings with the ghost number
current, whose anomalous behaviour in the minimal and non-minimal formulations is not
the same. It is certainly interesting to study which topological sector could be introduced
to fix the subtleties mentioned above, and we will further discuss this matter in section
5. However, this will not be relevant for our current purposes since, as we shall see, the
correlation function measure for calculating scattering amplitudes will encode most of the
symmetry groups through a standard quotienting.
3.3 Vertex Operators
In order to simplify our analysis, we will only apply the Faddeev-Popov method for the
(β, γ) system and keep the volume of the remaining symmetry groups as factors dividing
out the path integral measure. In this context, the effective BRST current is given by
q(z) = (γB)(z) (3.49)
As usual, physical states are defined as elements of the BRST-cohomology. The physical
vertex operator at ghost number one reads
U (−1)r =
∫
d2z δ¯λ,r φr,K(Z)e
−φJK , (3.50)
where the superscript (−1) stands for the picture charge, and φr,K(Z) is the pure spinor
twistor superparticle wavefunction of [9, 10], with momentum kmr = (λrγmp¯ir):
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φr,K(Z) =
(
s¯r,K + 2Γma
m
− r,K − 4ΓmΓnsmnr,K
+
1
12
(p¯irγmnpqrp¯ir)Γ
mΓnΓphqar+ r,K −
1
24
(p¯irγmnpqrp¯ir)Γ
mΓnΓpΓqhrsr,K
)
eµap¯i
a
r
λ+r
λ+ , (3.51)
where the gluon polarization is given by amK = a
m
−K + a
m
+K , with (p¯iγm)αa
m
−K = 0,
(λγm)a
m
+K = 0, and the gluino polarization has been split into the form χ
α
K = p¯i
αs¯K +
(γmnλ)
αsmnK + λ
αsK , with (p¯iγm)αsmnK = 0. We have written a superscript + on the λ
variables to denote their singlet SU(5) components. The vector hm is constant and satisfies
hm(λγmp¯i) = 1. We have set eleven components of p¯iα to zero using the fact that λα is a
pure spinor. One is then left with only five components; namely, the p¯ia components, which
transform in the fundamental of SU(5). One can then consider p¯iα to be a pure spinor, and
so (3.51) is independent of the choice of hm.
The delta function δ¯λ,r in (3.50) appropriately balances the conformal weight of the
integrand and fixes the value of λα(z) at each puncture of the Riemann sphere in terms of
the external momenta. The explicit form of δ¯λ,r can be seen as follows. First, notice that the
momentum satisfies the twistor-like constraint (λγm)αPm = 0, and thus it is left invariant
under an SU(5) subgroup of the complexified ten-dimensional Wick-rotated spacetime.1
Hence, the twistor variables λα, λ¯α carry an additional SU(5)-index a˙ such that:
λαa˙ (γ
m)αβp¯i
β b˙ =
1
5
kmδa˙
b˙
.
One can then introduce two SU(5) vectors a˙, ¯b˙ satisfying 
a˙¯a˙ = 1, so that the variables
λαa˙ , p¯i
α a˙ can be written as:
λαa˙ = λ
α¯a˙, p¯i
α a˙ = p¯iαa˙,
so that the initial twistor relation is recovered. Hence, one defines δ¯λ,r as
δ¯λ,r =
∫
d5 d5¯ δ¯(a˙¯a˙ − 1)δ¯10
(
λab
λ+
(zr)− λab,r
λ+r
)
, (3.52)
where λab is the fully antisymmetric 10-dimensional SU(5) component of λα. As we shall
see, this delta function is indeed the necessary ingredient for the amplitudes to be localized
over the scattering equations kr · P (zr) = 0 [1, 2].
In order to construct vertex operators in different pictures, one defines a picture-raising
operator in the usual way
Z = {Q, ξ} = eφB. (3.53)
We will be particularly interested in the picture number zero vertex to discuss scattering
amplitudes. This is easily calculated to be
U (0)r =
∫
d2z δ¯λ,r
[
lim
w→zZ(w)φr,K(Z(z))e
µap¯iar
λ+r
λ+
(z)
]
=
∫
d2z δ¯λ,r B−1(φr,K(Z))JK . (3.54)
1Compare this with the massless little group which leaves invariant a momentum Pm satisfying P 2=0.
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The bosonic and fermionic sectors of the picture number zero vertex operator then read
U
(0)
bos. r =
∫
d2z
∫
d5 d5¯ δ¯(a˙¯a˙ − 1)δ¯10
(
λab
λ+
(z)− λab,r
λ+r
)(
2(λγmλ¯)a
m
− r,K
+2Mmn(λrγ
mp¯ir)a
n
− r,K +
1
4
(p¯irγmnpqsp¯ir)(λγ
mλ¯)ΓnΓpΓqas+ r,K
+
1
12
(p¯irγnpqstp¯ir)Γ¯
mΓnΓpΓqhs(λrγmp¯ir)a
t
+ r,K
)
JKeµap¯i
a λ
+
r
λ+ ,
U
(0)
fer. r =
∫
d2z
∫
d5 d5¯ δ¯(a˙¯a˙ − 1)δ¯10
(
λab
λ+
(z)− λab,r
λ+r
)(
Γ¯m(λrγmp¯ir)s¯r,K − 8(λγmλ¯)Γnsmn
−4Γ¯mΓnΓp(λrγmp¯ir)snpr,K −
1
6
(p¯irγmnpqsp¯ir)(λγ
mλ¯)ΓnΓpΓqhssr,K
− 1
24
(p¯irγnpqstp¯ir)Γ¯
mΓnΓpΓqΓsht(λrγmp¯ir)st,K
)
eµap¯i
a λ
+
r
λ+ , (3.55)
where Mmn = 2Γ¯[mΓn], which satisfies the same Kac-Moody algebra as the RNS fermionic
Lorentz currents, namely
⟪Mmn(z) Mpq(w)⟫ = ηmpηnq − ηmqηnp(z − w)2 + ηmpMnq − ηmqMnp + ηnqMmp − ηnpMmq(z − w) . (3.56)
This follows from the presence of the delta functions (3.52) and careful manipulations of
rearrangements theorems given in Appendix A.
4 Scattering Amplitudes
The tree level N -point correlation function will be defined to be
AN =
∫
d3γ0 d
11λ d5µd5Γ
SL(2,C)×GL(1)×M
3∏
i=1
U
(−1)
i
N∏
j=4
U
(0)
j , (4.1)
where the groups SL(2,C), GL(1),M correspond to the symmetry groups whose generators
are given by T , J , M˜abc, respectively. As usual, SL(2,C) and GL(1) have three and one
killing vectors, respectively. On the other hand, the number of killing vectors for M follows
from the effective counting of zero modes for the system M˜abc and its reducibilities. Thus,
one finds that M has 10 · 3 − 5 · 5 + 1 · 7 = 12 killing vectors. We will see below this is
exactly the number of zero modes needed to get the correct ten-dimensional momentum
conservation delta function. Furthermore, the presence of three vertices in picture number
-1 and the rest in picture number zero adequately saturate the three zero modes of the
bosonic ghost γ. The measure associated to the twistor variable λα is the same as the one
appearing in ordinary pure spinor strings [30], while for Γm one has∫
d5Γ =
1
5!
(λγmnpqrλ)
∂
∂Γm
∂
∂Γn
∂
∂Γp
∂
∂Γq
∂
∂Γr
, (4.2)
which respects the constraints (3.5).
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One can also view λα together with the GL(1) symmetry as being a projective pure
spinor. The integration measure for a projective pure spinor variable has been studied in
[19], and for the D = 10 case reads
[d10λ] =
α1...α16
(λαCα)3
dλα1 ∧ . . . ∧ dλα10λa11(γmC)α12(γnC)α13(γpC)α14(γmnp)α15α16 , (4.3)
where Cα is a constant spinor. Using the fact that λα is a pure spinor, one readily shows
that the projective measure (4.3) is independent of the choice of Cα, and therefore is
Lorentz-invariant.
Let us now see how the momentum conservation delta function emerges from (4.1).
Using the gauge described below eqn. (3.51), one can write the momentum carried by the
r-th external state in the form
kar = p¯i
a
r , ka,r = λab,rp¯i
b
r, (4.4)
where we have used the scaling symmetry to fix λ+r = 1. Momentum conservation then
implies that
N∑
r=1
p¯iar = 0,
N∑
r=1
λab,rp¯i
b
r = 0. (4.5)
The five delta functions imposing the first five conditions of (4.5) are immediately obtained
in (4.1) after integrating out the zero modes associated to µa. The remaining five conditions
of (4.5) follow from the observation that one has N + 10 - 15 integration variables and N
delta functions in (4.1), which means one is left with only five delta functions. These are
exactly the five delta functions imposing the remaining conditions in (4.5).
The integration over the non-zero modes of µa gives rise to the standard scattering
equations. This follows from the standard procedure of taking the exponential in the vertex
operators into the action as sources for λ¯a. One then finds that:
λ¯a(z) =
N∑
r=1
p¯iar
(z − zr) . (4.6)
Using this expression and the delta function in (3.52), it is easy to show that kr ·P (zr) = 0.
Thus, we see that the delta function defined in (3.52) is proportional to the standard CHY
delta function δ¯(kr · P (zr)).
We now move on to discuss the dependence of (4.1) on the external polarization and
momentum data. The simplest case, the 3-point function, has already been shown to cor-
rectly reproduce the standard super-Yang-Mills 3-point function in [10]. We then focus here
on the general case. To see that the amplitudes prescription (4.1) indeed describes D = 10
super-Yang-Mills interactions, we notice a close relationship between the ambitwistor string
constructed in this work and the infinite tension limit of ordinary pure spinor superstrings
[5]. This relation can be seen as follows: using the incidence relations (3.6) and the con-
straints (3.2), we see that the measure (4.2) is nothing but the ordinary pure spinor measure
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1, (4.7)
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up to some proportionality factor. The current algebra systems will certainly provide the
same contributions in both models, so we concentrate on the sector containing the twistor
superfield. It is straightforward to show that φr,K(Z) = V (λ, θ) ek.X on the support of the
incidence relations and the delta function (3.52), where V (x, θ) = λαAα(θ) is the usual
pure spinor unintegrated vertex operator. Under analogous statements, the picture number
zero twistor vertex is the same as the pure spinor integrated vertex operator U(x, θ) =
[PmAm(θ) + dαW
α(θ) + 12N
mnFmn(θ)]e
k.X . This is essentially a direct consequence of the
fact that B can be shown to be proportional to the pure spinor b-ghost, and so the picture
raising operation (3.54) is nothing but the standard relation between the integrated and
unintegrated vertex operators U = {b, V }. Thus, we conclude that both correlators must
give the same dependence on external momentum and polarization data.
As a check, let us consider the fully gluonic correlator. The potential difference between
the present model and the ordinary pure spinor formalism lies in the picture number zero
vertex (3.54) and the standard integrated vertex operator. The latter has the θ-expansion
U(x, θ) =
[
Pmam +
1
2
(
pγmnθ + λγmnw
)
kman + . . .
]
ek.X , (4.8)
where . . . means higher-order terms in θα which can be ignored as far as scattering ampli-
tudes is concerned by (pα, θβ) charge conservation. The only difference between the picture
number zero twistor vertex (3.55) and (4.8) is the Lorentz current inside the parenthesis
in (4.8), which forms a level 1 Kac-Moody algebra. However, the current Mmn in (3.55) is
also a level 1 Kac-Moody current algebra system as discussed below eqn. (3.56). Higher-
order terms in Γm in (3.54) can also be ignored because of (Γm, Γ¯n) charge conservation,
or alternatively, by using supersymmetry arguments, and so the OPEs of both models are
identical. One then concludes that both correlators are equivalent to each other.
5 Discussions and Future Directions
In this work we have presented a new description of ambitwistor strings which makes use
of a set of variables and a set of reducible constraints first introduced in [9, 10]. A detailed
quantum-mechanical analysis was performed, and using standard techniques [28], a BRST
operator was constructed, even though its nilpotency was obstructed due to the anomalous
coefficients present in (3.30), (3.31). As was mentioned previously, the introduction of
a topological sector through the quartet mechanism might fix this issue. For instance,
if one introduces the standard non-minimal variables (λ˜α, µ˜α), (r˜α, s˜α) and redefines the
projective weight operator to be Jn.m = J− µ˜αλ˜α, one finds that the anomalous coefficients
in (3.30), (3.31) shift to the values 2, 4, respectively. However, this is not sufficient since
the non-vanishing terms in {Q,Q} take the form −∂σσ, −3∂2cσ, which become ∂σσ, ∂2cσ
after considering the anomalous behaviour of Jn.m. This implies that one needs to introduce
extra degrees of freedom to compensate this mismatch. A natural candidate would be a
quartet consisting of bosonic and fermionic vectors whose canonical fields are subject to
the constraint (3.5) with respect to λ˜α. This quartet might potentially present quantum
corrections that contribute to the anomalous coefficients and thus render the BRST operator
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nilpotent. Furthermore, the introduction of these non-minimal variables is actually natural
in the covariant mapping/twisting of the pure spinor and RNS superstrings [31], and it
would certainly be interesting to study if the covariantization of the map between the
model discussed in section 2 and the pure spinor one (see [9]) actually realizes this.
In this work we also found vertex operators in different pictures and they turned out to
have the same structure as the ones proposed in [10] inspired by the ordinary pure spinor
formalism. Here, integrated vertex operators emerged naturally from a simple picture
raising operation. Unlike the construction discussed in [31], we dressed up all vertices with
a delta function that fixed the dependence of the pure spinor variable in terms of external
momentum data. Such a construction relied on the redundant symmetry arising from the
twistor-like constraint (λγm)αPm = 0. A correlation function measure was then defined
in the usual way by integrating over the zero modes of the worldsheet twistor fields and
quotienting by the respective symmetry groups of the model. The integration over the
modes of µa then yielded the 10-dimensional momentum conservation delta function, and
the delta functions (3.52) realized the usual scattering equations. Likewise, the polarization
and momentum dependence of the correlator (4.1) straightforwardly followed from the close
relation between the standard pure spinor formalism and the model constructed here. As a
result, the heterotic pure spinor twistor correlator (4.1) gives the same results as the ones
obtained from ordinary RNS or pure spinor ambitwistor strings.
The generalization to Type IIB is immediate. The only change to do is to replace
the current algebra system by a twistor superfield depending on Γˆm (3.36) and different
polarization vectors and spinors. NS-NS, NS-R, R-NS, R-R states are then obtained from
the tensor product of the two twistor superfields, and the equivalence of the amplitude (4.1)
with standard results easily follows from the fermionic measures for Γm and Γˆm as in (4.2).
One might also try to describe further CHY models using different matter systems in the
pure spinor twistor action (3.19) in a similar manner as done in [32]. We pretend to explore
this further in future work.
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A OPEs for Interacting 2D CFTs
In the RNS superstring, or in other standard cases, the worldsheet variables defining the
model have OPEs corresponding to those of free fields; that is, OPEs with a single singular
term whose coefficient is a constant. In this case one can regularize the product of two fields
(at the same point) just by subtracting the corresponding expectation value. However, this
procedure fails for fields whose OPEs do not take the form just mentioned. This is case
when we try to regularize, for example, T(z)T(w) as z → w. The above procedure consisting
of subtracting 〈T(z)T(w)〉 removes the most singular term (the central charge term), but
the other two singularities remain. In our context, we do not have free OPEs due to the
presence of the constraints defining our variables. In virtue of the pure spinor constraint,
for instance:
µ¯α(z)λ
β
(w) = −
(
δβα −K βα
)
(w)
(z − w) + · · · , (A.1)
where the ellipsis stands for the remaining finite terms of the OPE when z → w. It is clear
what we have to do in the more general case: in order to regularize the product of two fields
we just need to subtract all singular terms in the OPE. As we are faced with this situation
in the current work, in this appendix we provide a quick review of the theory of OPEs for
interacting 2D CFTs based on [23, 24]. Proofs of the statements here stated can be found
in those references.
Normal Ordering Definition. We write the OPE between two operators A(z) and
B(w) as:
A(z)B(w) =
N∑
n=−∞
{AB}n(w)
(z − w)n =
N∑
n=1
{AB}n(w)
(z − w)n + {AB}0(w) + · · · , (A.2)
and separate those terms which diverge when z → w from those that are finite:
⟪A(z)B(w)⟫ = N∑
n=1
{AB}n(w)
(z − w)n , (A.3)
A(z)B(w) = ⟪A(z)B(w)⟫+ (A(z)B(w)), (A.4)
where
(
A(z)B(w)
)
stands for the remaining terms in (A.2) that are finite as z → w. The
normal ordered product between two operators at coincident points is then defined as:(
AB
)
(z)
= {AB}0(z), (A.5)
which can also be expressed as a contour integral in the following way:
(AB)(w) =
∮
w
dx
(x− w)A(x)B(w). (A.6)
It is straightforward to show the equivalence between this expression and (A.5) by simply
replacing (A.2) in (A.6). Using the definition (A.3) to extract the singular terms in the
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A(z)B(w) OPE, we see that our definition of normal ordering satisfies: 2(
AB
)
(w)
= lim
z→w
[
A(z)B(w) − ⟪A(z)B(w)⟫]. (A.7)
The explicit form of the regular terms in (A.4) can be extracted from the Taylor expansion
of A(z) around w: (
A(z)B(w)
)
=
∑
n≥0
(z − w)n
n!
(∂nA B)(w). (A.8)
We stress that this definition of normal-ordering is neither commutative nor associative:
(AB) 6= (BA), (A.9)(
A(BC)
) 6= ((AB)C), (A.10)
and thus some rearrangement lemmas (explained below) are necessary.
A Generalized Wick Theorem. It is usually the case that one has to compute
OPEs involving composite operators of interacting fields. We thus need a version of Wick’s
theorem specialized to the current definition of normal ordering which extracts the corre-
sponding divergent terms. This is given by:
⟪A(z)(BC)(w)⟫ = ∮
w
dx
(x− w)
{⟪A(z)B(x)⟫C(w) +B(x)⟪A(z)C(w)⟫} (A.11)
=
∮
w
dx
(x− w)
{∑
n>0
{AB}n(x)C(w)
(z − x)n +
∑
n>0
B(x){AC}n(w)
(z − w)n
}
. (A.12)
If one needs to calculate (BC)(z)A(w) one first computes A(z)(BC)(w), interchange z ↔ w,
and expand the operators at z around w.
Rearrangement Lemmas. As we previously stressed, when working with the previ-
ous type of expressions one must consider the fact that the definition of normal ordering is
neither commuting nor associative. Useful formulae in this regard are given by
(AB)− (BA) = ([A,B]), (A.13)(
A(BC)
)− (B(AC)) = (([A,B])C), (A.14)(
(AB)C
)− (A(BC)) = (A([C,B]))+ (([C,A])B)+ ([(AB), C]), (A.15)
which provide some commutation properties and the violation of associativity. The normal
ordered field commutator can be expressed in terms of the singular coefficients of the OPE
as: (
[A,B]
)
(w)
=
∑
n≥1
(−1)n+1
n!
∂n{AB}n(w). (A.16)
2Compare this with the regularization in free theories consisting of subtracting the corresponding ex-
pectation value : φφ :(z)= limw→z(φ(z)φ(w) − 〈φ(z)φ(w)〉), which in term of modes is equivalent to the more
familiar normal ordering where annihilation operators are placed in the rightmost position. See chapters 5
and 6 in [23] for more details.
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An Example. In order to illustrate the previous considerations let us provide a quick
illustration of how to obtain the most singular term in the JB(z)NmnCD(w) OPE for arbitrary
correction constants B, C and D in
JB(z) = (µ¯αλ
α)− (λ¯αµα) + (Γ¯mΓm) +B(Yα∂λα), (A.17)
NmnCD(z) = −
1
2
(µ¯γmnλ) +
1
2
(λ¯γmnµ)− 2(Γ¯[mΓn]) + C(∂Y γmnλ) +D(Y γmn∂λ). (A.18)
For instance:
⟪µ¯αλα(z) − 12(µ¯γmnλ)(w)⟫ =
− (γ
mn)γδ
2
∮
dx
(x− w)
[⟪µ¯αλα(z)µ¯γ(x)⟫λδ(w) + µ¯γ(x)⟪µ¯αλα(z)λδ(w)⟫]. (A.19)
It is straightforward to see that the second term does not contribute to the most sin-
gular term (the simple pole is the only non-zero contribution). Meanwhile, to compute⟪µ¯αλα(z)µ¯γ(x)⟫, we first compute ⟪µ¯γ(z)µ¯αλα(x)⟫, interchange z ↔ x, and expand z around
x. The result is: ⟪µ¯αλα(z)µ¯γ(x)⟫ =
(
µ¯α(δ
α
γ −K αγ )
)
(x)
(z − x) . (A.20)
In order to properly compute the different pole contributions in the first term we need
to separate
(
µ¯α(δ
α
γ −K αγ )
)
(x)
λδ(w) into its singular and normal ordered components as in
(A.4). Only the singular component will contribute to the most singular term in (A.19):
⟪(µ¯α(δαγ −K αγ ))(x)λδ(w)⟫ = −((δδα −K δα )(δαγ −K αγ ))(w)(x− w) . (A.21)
Notice that at this step we only have λ’s and Y ’s, so ordering becomes unimportant. When
evaluating the double pole integral one finds:
⟪µ¯αλα(z) − 12(µ¯γmnλ)(w)⟫ = 32 (Y γmnλ)(w)(z − w)2 + . . . , (A.22)
where the ellipsis stands for poles of lower order. Following a similar procedure with the
λ¯/µ, Γ¯/Γ pairs, and the correction terms, one finds in general that
⟪JB(z)NmnCD(w)⟫ = (2 + B2 + C −D)(Y γmnλ)(w)(z − w)2 + . . . , (A.23)
where the ellipsis again stands for poles of lower order.
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